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ABSTRACT 



We consider five-dimensional cylindric spacetime V 5 with foliation of codimension 1. 
The leaves of this foliation are four-dimensional "parallel" universes. The metric of five- 
dimensional spacetime and induced metrics of four-dimensional universes are flat. The 
"large" fluctuations of the 5-metric are studied. These fluctuations depend only on the 
coordinate x , and under these fluctuations the curvature of V 5 is not zero. The contri- 
bution of the fluctuations in the Feynman path integral over five-dimensional trajectories 
doesn't change the amplitude of the probability of the real physical four-dimensional uni- 
verse. Moreover the large fluctuations of 5-metric Gab are large fluctuations for physical 
four-dimensional universe V 4 and change signature of V 4 . The change of the signature 

from < H >to< > and inversely occurs in the all 3-dimensional space 

simultaneously (in absolute time) and can take arbitrarily large period of time. 



1 Introduction 



It is well-known that spacetime at the Plank's scale can have strong fluctuations of metric. 
Spacetime at this scale is a " quantum foam" with a high curvature and a veriable topology. 

The aim of this work is to construct the metric fluctuations which can exist not only at 
the Plank's scale but at any distance. Such fluctuations are called "large" @, §. 

The Kaluza-Klein theory will be used. We find the large fluctuations of 5-metric Gab 
which are large one for physical four-dimensional global hyperbolic universe V A and change 

signature of V A . The change of the signature from < H >to< > and 

inversely occurs in the all 3-dimcnsional space simultaneously (in absolute time) and can 
take arbitrarily large period of time. 

2 Basic spacetime 

As an example we consider the flat 5-dimensional spacetime with metric 

dl 2 = G AB dx A dx B = 

= (dx ) 2 - 0(x° - l) 2 {dx 1 ) 2 - (dx 2 ) 2 - (dx a ) 2 - (dx 4 ) 2 , (1) 

where x ^ x is ci polar coordinates, x° is a radius and x 1 is an angle (see fig.l). Here (3 is a 
constant from the interval (0, 1) and x° > 1. It is evident that this metric has a signature 
< H > and 

V 5 = H 1 x S 1 x M 3 

The metric (1) is flat. 
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Figure 1 : Spacetime V 5 with leaf V 4 
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The physical 4-dimensional universes are defined by equation 

x° = 1 + aexp(x 1 ), 



(2) 



where < a < +oc is constant. Each a gives some leaf V£. The equation (2) corresponds 
to a spiral in the plane (a; , x 1 ) (fig. 1 ) 

Consider the imbedding / : V 5 -> H 6 of V 5 into M 6 

u° = x° - 1 
?i : = 7Cos(x 1 ) 
u 2 = 7sin(a; 1 ) 
u 3 = x 2 
u 4 = x 3 
u 5 = x 4 , 

Then /(V 5 ) is cylinder in H 6 

/(F 5 ) = {(«°, u\u\ u 3 ,u\ u 5 )eR 6 :u°>0k (u 1 ) 2 + (u 2 ) 2 = 7 2 } 

where 7 is some constant, radius of cylinder (fig. 2). 
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Figure 2: Spacetime /(F 5 ) with leaf f{V 4 ) 



Let (y° , y 1 , y 2 , y 3 ) be a coordinate system of the spacetime V 4 . These coordinates are 
accosiated with the coordinates (x° ^ X ^ X ^ X j X 4 ) of the 5-dimensional spacetime V 5 by the 
formulas 

x° = acxp(y°) 
x 1 = y° 
x 2 = y 1 
x 3 = y 2 
x 4 = y 3 . 
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Then induced metric of the universe V 4 



g%>(a) = G AB 



dx A dx B 

Qyl Qyk 




By making simple transformation 



/ = a{\ - ft 1 ' 2 exp(y°), / = y\ (i = 1, 2, 3) 



we get 



dsl = {dy°'f -{dy^'f -{dy*f -{dy*f. 



Hence universes V^ 4 are the flat Minkowskian spacetime. 

Below for simplicity instead of the cylinder V 5 we consider its factor-space V 5 /T, where 
T is discrete group x° — > x°, x 1 -n 1 ,! 2 — > x 2 + d, x 3 — ► x 3 + d, x 4 — ► x 4 + d, which acts on 
the cylinder (d is an integer). 

Topologically the factor-space V 5 /T is homcomorphic to the space 



It means that the physical 3-dimensional space is 3-dimcnsional torus S 1 x S 1 x S 1 and has 
finite volume. 



3 The large fluctuations 

The amplitude of probability of transition from universe to universe V 4 2 is equal to 



where Fcynman path integral is taken on all five-dimensional trajectories which connect 
< V£ ,g!fc(oii) > and < V£ ,g!j£ (0:2) >• Among these trajectories the fluctuations of 
the 5-dimensional metric (1) can be observed. Let us consider the fluctuations Gab = 
Gab + AGab of the 5-dimensional metric (1), for which 



R 2 x S 1 x S 1 x S 1 . 




(3) 



S = 





ys/ r 



We will consider the fluctuations of the form 



dl 2 = (Gab + AG AB )dx A dx B = 



3 



= G AB dx A dx B = 

= [1 + h(x°)](dx ) 2 - 0(x° - Ifidx 1 ) 2 - {dx 2 f - (dx 3 ) 2 - (dx 4 ) 2 , 

where h(x ) is an arbitrary function, such that h(x°) > — 1, h(a) = h(b) = 0, a < b, and 
h = outside of (a, 6), i.e. interval (a,b) is an area, where the fluctuations of metric take 
place (see fig. 3). 




Figure 3: Zone of fluctuations of V 5 



We have 

- 1 dh ~ (3(x° - 1) dh 

Moo — n/1 ; , n / n — 7\~r~r\> = _- ; 



2(l + /i)(x -f)dx ' 2(l + ^) 2 dx° : 

the scalar curvature is 

- : 1 dft 



(f + h) 2 (x a -l)dx°' 
and the determinant of the metrical tensor is 

det\\G AB \\ = (1 + h)(3(x° -l) 2 . 

So 

v s /r 
/3V2 d/l 



J (l + h) 3 / 2 dx° J 



M 3 /r 

The integration over x 1 , x 2 , x 3 } x 4 gives a constant. Let's consider the integral over x° 

b 



1 2 b 
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because h(a) = h(b). Then the contribution of such fluctuations in the path integral over 
5-dimensional trajectories is equal to contribution of basic spacetime V 5 . In other words 
the our basic spacetime can have large fluctuations, which change physical properties of the 
universe V 4 . 

Indeed, under such fluctuations the 4-dimensional metric g^(a) takes the form 
ds 2 = a 2 (l-^ + h)exp(2y°)(dy ) 2 - (dy 1 ) 2 - (dy 2 ) 2 - (dy*) 2 . 

The geometry of this spacetime is still flat. But the component g^(a) of the metric tensor 
of the universe V 4 has been changed. This change means the change of the gauge on the 
axis y° and, therefore, the change of the speed of light. It occurs instantaneously under all 
3-dimensional physical space and, hense, cannot be observed inside the universe V 4 . 

An interesting phenomenon occurs when h — > 1. Herewith the signanture of the space- 
time V 4 is changed from (H -) to ( ). The new signature ( ) means the 

cessation of all physical processes || . The universe congeals for the arbitrary period of time. 
This situation can occur in any moment and is not observed. 

Note that the stress-energy tensor of our fluctuations 



T22 — T33 — T4, 



dh 



(l + h) 2 (x° -l)dx° 
is not physical one. 

4 Choosing of the function h(x°) 

There are many functions h(x°) which satisfy the condition h(x°) > —1, h(a) = h(b) = 
(a > b). Here are some examples: 

97tt° 9irr° 
&(z°) = Csin(— )sin(=?-), 
a b 

where C is a constant or a function C(x°) such as < 1 — j3 < C. Over this function the 
metric of V 4 changes the signature when h(x°) < —l+j3. 

h(x°) = (x° -a) 2 (x° -b) 2 

With this function the metric of V 4 doesn't change the signature. But if h(x°) is 

h(x°) = C(x°){x° - a) 2 (x° ~ 6) 2 , (-1 < C(x )), 

the metric can change the signature if function C(x°) is suitable. 
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